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2 $KZ$
$P^{1}=P$ $n$
$\mathbb{F}_{n}(P^{1})=\{(x_{1}, \ldots, x_{n})\in(P^{1})^{n}|x_{i}\neq x_{j}(i\neq j)\},$
$\mathbb{F}_{n}(P^{1})$ Lie ( [I]) $\mathfrak{X}$ $\mathfrak{X}$ $x_{i}$
$X_{ij}(1\leq i,j\leq n)$ Lie
$C\{X_{ij}|1\leq i,j\leq n\}$ (IPBR) Lie
$\mathfrak{X}=\mathfrak{X}(\{X_{ij}\}_{1\leq i,j\leq n}) :=C\{X_{ij}|1\leq i,j\leq n\}/(IPBR)$
Lie (IPBR)








$KZ$ $2(Drinfel’ d[D])$ . 1- $\omega_{ij}$ 2
Arnold (Arnold[A])
$\omega_{ij}\wedge\omega_{ik}+\omega_{ik}\wedge\omega_{jk}+\omega_{jk}\wedge\omega_{ij}=0. (AR)$
(IPBR) ($AR$) ($KZ$) PGL(2, $C$ )- 3
$\mathcal{M}_{0,n}=$ PGL$(2, C)\backslash \mathbb{F}_{n}(P^{1})$
$\tilde{\mathcal{U}}(X)$ $\mathcal{M}_{0,n}$ $\mathbb{F}_{n}(P^{1})\approx$
$PGL(2, C)\cross \mathcal{M}0,n,$ $\mathcal{M}_{0,n}\approx \mathbb{F}_{n-3}(P^{1}-\{0,1, \infty\})$ $\mathcal{M}_{0,4}\approx P^{1}-\{0,1, \infty\}$
$\mathcal{M}_{0,n}$ 2
$y_{i}= \frac{x_{i}-x_{n-2}}{x_{i}-x_{n}}\cdot\frac{x_{n-1}-x_{n}}{x_{n-1}-x_{n-2}} (1\leq i\leq n-3)$
$1x\in$ $\Delta(x)=I\otimes x+x\otimes I$ , $\epsilon(x)=0$ ( ), $S(x)=-x$ ( ).
2 $F_{n}(C)$ (IPBR) $\sum.X_{lj}=0$
3 $\vdash\oint_{b}$ $PGL(2, C)$
74
$(y_{n-2}, y_{n-1}, y_{n})=(0,1, \infty),$ $\mathcal{M}_{0,n}\approx \mathbb{F}_{n-3}(P^{1}-\{0,1, \infty\})$ $\mathbb{F}_{n-3}(P^{1}-$
$\{0,1, \infty\})$
$z_{1}=y_{1}, z_{2}= \frac{y_{2}}{y_{1}}, \cdots, z_{n-3}=\frac{y_{n-3}}{y_{n-4}}\Leftrightarrow y_{i}=z_{1}\cdots z_{i} (1\leq i\leq n-3)$




$\{y_{i}=0,1, \infty\}\cup\{y_{i}=yj|i\neq j\},$ $\{z_{i}=$
$0,1,$ $\infty\}\cup\{z_{i}z_{i+1}\cdots z_{j}=1|1\leq i<j\leq n-3\}$
3 1 $KZ$
$\mathcal{M}_{0,4}$ $Z_{1}=X_{12},$ $Z_{11}=-X_{13}$ ($KZ$ ) 1 $KZ$
$dG=\Omega G,$ $\Omega=\zeta_{1}Z_{1}+\zeta_{11}Z_{11},$ $\zeta_{1}=\frac{dz_{1}}{z_{1}},$ $\zeta_{11}=\frac{dz_{1}}{1-z_{1}}$ . ( $1KZ$)
$D=\{z_{1}=0,1, \infty\}$ (IPBR) Lie
$\mathfrak{X}=C\{Z_{1}, Z_{11}\}$ Lie ($AR$) $\zeta_{1}\wedge\zeta_{11}=0$




$\cross$ ad $(Z_{1})^{k_{1}-1}\mu(Z_{11})$ $\cdots$ ad $(Z_{1})^{k,-1}\mu(Z_{11})(I)$ .
$F\in \mathcal{U}(\mathfrak{X})$ $ad(Z_{1})(F)=[Z_{1}, F],$ $\mu(Z_{11})(F)=Z_{1}{}_{1}F$
$\int_{0}^{z1}\zeta.w:=\int_{0}^{z_{1}}(\zeta. \int_{0}^{z_{1}}w) , \int_{0}^{z_{1}}1:=1$
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$(w \zeta_{1}, \zeta_{11} 4S(\zeta_{1}, \zeta_{11})$ )
(1 ) (multiple polylogarithm, MPL)
$Li_{k_{1},\ldots,k_{r}}(z_{1})$ $:= \int_{0}^{z_{1}}\zeta f^{1^{-1}}\zeta_{11}\cdots\zeta_{1}^{k_{r}-1}\zeta_{11}$ (IMPL)
$\mathcal{M}_{0,4}=P_{1}-\{0,1, \infty\}$
$Li_{k_{1},\ldots,k_{r}}(z_{1}):=\sum_{m_{1}>\cdots>m_{r}>0}\frac{z_{1}^{m_{1}}}{m_{1}^{k_{1}}\cdots m_{r^{r}}^{k}}$
$(|z|<1$ $)$ $k_{1}>1$ $z_{1}arrow 1$
(multiple zeta value, MZV)
$\zeta(k_{1}, \ldots, k_{r})$ $:= \sum_{m_{1}>\cdots>m_{r}>0}\frac{1}{m_{1}^{k_{1}}\cdots m_{r^{r}}^{k}}$ (MZV)
$S(\zeta_{1}, \zeta_{11})$ $\zeta_{11}$
$Li(\zeta_{1}^{k_{1}-1}\zeta_{11}\cdots\zeta_{1}^{k_{r}-1}\zeta_{1};z_{1})=Li_{k_{1},\ldots,k_{r}}(z_{1})$ ,





” $\zeta$ $(kl, . .. , k_{r})\zeta(l_{1}, \ldots, l_{S})=$ MZV ”
5(Hoffman [H]). $\mathfrak{h}^{0}=$ Cl $+C\langle\zeta_{1},$ $\zeta_{11}\rangle\zeta_{11}$ $*$
$\chi_{k}*1=1*\chi_{k}=\chi_{k},$
$(\chi_{k_{1}}w_{1})*(\chi_{k_{2}}w_{2})=\chi_{k_{1}}(w_{1}*(\chi_{k_{2}}w_{2}))+\chi_{k_{2}}((\chi_{k_{1}}w_{1})*w_{2})+xk_{1}+k_{2}(w_{1}*w_{2})$
4 $A$ (Reutenauer [R]) $S(A)$ $A$ $C\langle A)$
$u$ $w$ $1=1$ $w=w,$ $(a_{1}w_{1})u|(a_{2}w_{2})=a_{1}(w_{1}$ $(a_{2}w_{2}))+a_{2}((a_{1}w_{1})u|w_{2})$
$($ 1 $C\langle A\rangle$ ( ), $a_{1},$ $a_{2}\in A,$ $w,$ $w_{1},$ $w_{2}:C\langle A\rangle$ $)$ . $S(A)$ $A$ Lie
Hopf
5 $(\zeta_{1}, \zeta_{11})$ $(x, y),$ $\chi_{i}$ $z_{l}$




$\mathfrak{h}^{0}$ $(\mathfrak{h}^{0}, *, 1)$
$\zeta(w_{1})\zeta(w_{2})=\zeta(w_{1}*w_{2})$ ($HP$-MZV)
$(w_{1}, w_{2} \in \mathfrak{h}^{10}= Cl+\zeta_{1}C\langle\zeta_{1}, \zeta_{11}\rangle\zeta_{11})$
$Li_{k_{1}}(z_{1})Li_{l_{1}}(z_{2})=\sum_{m_{1}>0}\frac{z_{1}^{m_{1}}}{m_{1}^{k_{1}}}\sum_{n_{1}>0}\frac{z_{2}^{n_{1}}}{n_{1}^{l_{1}}}=(\sum_{m_{1}>n_{1}>0}+\sum_{1(m=n_{1})>0}+\sum_{n_{1}>m_{1}>0})\frac{z_{1}^{m1}z_{2}^{n1}}{m_{1}^{k_{1}}n_{1}^{l_{1}}}$
$=Li_{k_{1},l_{1}}(1,1;z_{1}, z_{2})+Li_{k_{1}+l_{1}}(z_{1}z_{2})+Li_{l_{1},k_{1}}(1,1;z_{2}, z_{1})$ .
$Li_{k_{1},\ldots,k_{r}}(i, r-i;z_{1}, z_{2})$ 2 :
$Li_{k_{1},\ldots,k}.(i, r-i;z_{1}, z_{2}):=\sum_{m1>\cdots>m_{r}>0}\frac{z_{1}^{m_{1}}z_{2}^{m_{i+1}}}{m_{1}^{k_{1}}\cdots m_{r}^{k_{r}}}. (2MPL)$




(i) $\chi_{k_{1}}\cdots\chi_{k_{r}}*\chi_{l_{1}}\cdots\chi_{l_{8}}$ $\chi_{p_{1}}\cdots\chi_{pt}(Pi k_{m}, l_{n} k_{m}+l_{n})$
(ii) $k_{1}$ $l_{1}$ $p_{i_{1}},p_{i_{2}}$
(iii) $\chi_{p_{1}}\cdots\chi_{p_{t}}$ $\sum_{m_{1}>\cdots>m_{t}>0}\frac{z_{1}^{m_{i_{1}}}z_{2}^{m_{i_{2}}}}{m_{1}^{p_{1}}\cdots m_{t^{t}}^{p}}$
$i-1$
$Li_{k_{1},\ldots,k_{i}}(z_{1})Li_{l_{1},\ldots,l_{j}}(z_{2})=\sum(Li_{(k_{1},\ldots,k_{p},l_{1})\cdot((k_{p+1_{\rangle}}\ldots,k_{i})*(l_{2},\ldots,l_{j}))}(p, \bullet;z_{1}, z_{2})$
$p=1 +Li_{(k_{1},\ldots,k_{p},l_{1}+k_{p+1})\cdot((k_{p+2},\ldots,k_{i})*(l_{2},\ldots,l_{j}))}(p, .;z_{1}, z_{2}))$
$+Li_{(k_{1},\ldots,k_{i},l_{1},\ldots,l_{j})}(i,j;z_{1}, z_{2})$
$+ \sum^{j-1}(Li_{(l_{1},\ldots,l_{p},k_{1})\cdot((k_{2},\ldots,k_{i})*(l_{p+1},\ldots,l_{j}))}(p, .;z_{2}, z_{1})$
$p=1 +Li_{(l_{1},\ldots,l_{p},k_{1}+l_{p+1})\cdot((k_{2},\ldots,k_{i})*(l_{p+2},\ldots,l_{j}))}(p, \bullet z, z_{1}))$
$+Li_{(l_{1},\rangle l_{j},k_{1},\ldots,k_{i})}(j, i;z_{2}, z_{1})$










$Z_{1}=X_{12}+X_{13}+X_{23}, Z_{11}=-X_{14}, Z_{2}=X_{23}, Z_{22}=-X_{12}, Z_{12}=-X_{24}$
($KZ$ ) 2 $KZ$
$dG=\Omega G, \Omega=\zeta_{1}Z_{1}+\zeta_{11}Z_{11}+\zeta_{2}Z_{2}+\zeta_{22}Z_{2}+\zeta_{12}Z_{12}, (2KZ)$
$\zeta_{1}=\frac{dz_{1}}{z_{1}}, \zeta_{11}=\frac{dz_{1}}{1-z_{1}}, \zeta_{2}=\frac{dz_{2}}{z_{2}}, \zeta_{22}=\frac{dz_{2}}{1-z_{2}}, \zeta_{12}=\frac{d(z_{1}z_{2})}{1-z_{1}z_{2}}.$
(IPBR)




Lie $\mathfrak{X}=C\{Z_{1}$ , Zll, $Z_{2},$ $Z_{22},$ $Z_{12}\}/(IPBR)$
1.
$\mathfrak{X}\cong C\{Z_{i}, Z_{11}, Z_{12}\}\oplus C\{Z_{2}, Z_{22}\}\cong C\{Z_{2}, Z_{22}, Z_{12}\}\oplus C\{Z_{1}, Z_{11}\},$
$\mathcal{U}(\mathfrak{X})\cong \mathcal{U}(C\{Z_{1}, Z_{11}, Z_{12}\})\otimes \mathcal{U}(C\{Z_{2}, Z_{22}\})$ ($DU$)
$\cong \mathcal{U}(C\{Z_{2}, Z_{22}, Z_{12}\})\otimes \mathcal{U}(C\{Z_{1}, Z_{11}\})$
$C${ $Z_{1}$ , Zll, $Z_{12}$ }, $C\{Z_{2}, Z_{22}, Z_{12}\}$ Lie
$(\mathbb{F}_{2}(P^{1}-\{0,1, \infty\})arrow \mathbb{F}_{1}(P^{1}-\{0,1, \infty\})$
$p_{1}$ : $\mathcal{M}_{0,5}$ $arrow$ $\mathcal{M}_{0,4}$ $:$ $(z_{1}, z_{2})$ $\mapsto$ $z_{i}$
$\mathcal{M}0_{1^{5}p_{1}}$
$p_{1}^{-1}(z_{1})$
$\approx P^{1}-\{0,1, \infty, z_{1}^{-1}\}$
$(y_{1}, y_{2})\mapsto y_{1}$ $)$ $\mathcal{M}_{0,5}$ $\mathcal{M}_{0,4}$
$(z_{1}$
$P^{1}-\{0,1, \infty, z_{1}^{-1}\})$ .
$0 1 z_{1} \infty$
$\mathcal{M}_{0,4}\approx P^{1}-\{0,1, \infty\}$
$\pi_{2}(\mathcal{M}_{0,4}, z_{1})=1arrow\pi_{1}(P^{1}-\{0,1, \infty, z_{1}^{-1}\}, z_{2})arrow\pi_{1}(\mathcal{M}_{0,5}, (z_{1}, z_{2}))$
$arrow\pi_{1}(\mathcal{M}_{0,4}, z_{1})arrow\pi_{0}(P^{1}-\{0,1, \infty, z_{1}^{-1}\}, z_{2})=1$
78
$\pi_{1}(\mathcal{M}_{0,4}, z_{1})arrow\pi_{1}(\mathcal{M}_{0,5}, (z_{1}, z_{2}))$
$\pi_{1}(\mathcal{M}_{0,5}, (z_{1}, z_{2}))\cong\pi_{1}(P^{1}-\{0,1, \infty, z_{1}^{-1}\}, z_{2})\rtimes\pi_{1}(\mathcal{M}_{0,4}, z_{1})$
Lie ( [I])
$\mathfrak{X}$
$\mathfrak{X}\cong C\{Z_{2}, Z_{22}, Z_{12}\}\oplus C\{Z_{1}, Z_{11}\}$
$(C\{Z_{2}, Z_{22}, Z_{12}\} Lie )$
$p_{2}$ : $(z_{1}, z_{2})\mapsto z_{2}$ , $(y_{1}, y_{2})\mapsto y_{2}/y_{1}$ $\mathcal{M}_{0,5}$ $\mathcal{M}_{0,4}$ ( : $z_{2}$ ),
$P^{1}-\{0,1, \infty, z_{2}^{-1}\}$ ( : $z_{1}$ )
$\pi_{1}(\mathcal{M}_{0,5}, (z_{1}, z_{2}))\cong\pi_{1}(P^{1}-\{0,1, \infty, z_{2}^{-1}\}, z_{1})\lambda\pi_{1}(\mathcal{M}_{0,4}, z_{2})$
$\mathfrak{X}\cong C\{Z_{1}, Z_{11}, Z_{12}\}\oplus C\{Z_{2}, Z_{22}\}$




$0$ Chen ([Cl]) Orlik-Solomon
$O$
$A=\{\zeta_{1}, \zeta_{11}, \zeta_{2}, \zeta_{22}, \zeta_{12}\},$ $S=S(A)$ $A$ $S$ $s$
$S \ni\sum.c_{I}\omega_{i_{1}}\cdots\omega_{i_{s}}I=(i_{1},..,i_{S})$ ’
$(C_{I}\in C, \omega_{i}\in A)$
Chen




$P^{1}\cross P^{1}-D$ (Chen [C2]).
$\mathcal{B}$ Chen $S$ 9.
$\mathcal{B}=\oplus_{s=0}^{\infty}$ $\mathcal{B}$ $S$ Hopf ( ) $\mathcal{U}(\mathfrak{X})$
$8\mathcal{M}_{0,5}$ 5 $\mathcal{M}_{0,4}$ $p_{1},p_{2}$
$D_{23},$ $D_{45}$
$9\mathcal{M}_{0,4}$ $\zeta_{1}\wedge\zeta_{1}=\zeta_{11}\wedge\zeta_{1}=\zeta_{11}\wedge\zeta_{11}=0$ $S(\zeta_{1}, \zeta_{11})$
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Hopf $(Z_{1}, Z_{11}, Z_{2}, Z_{22}, Z_{12})rightarrow(\zeta_{1}, \zeta_{11}, \zeta_{2}, \zeta_{22}, \zeta_{12})$
$\mathcal{B}$
$\mathcal{B}_{0}=C1,$
$\mathcal{B}_{1}=C\zeta_{1}\oplus C\zeta_{11}\oplus C\zeta_{2}\oplus C\zeta_{22}\oplus C\zeta_{12},$
$\mathcal{B}_{2}=\bigoplus_{\omega\in A}C\omega\omega\oplus\bigoplus_{i=1,2}C\zeta_{i}\zeta_{ii}\oplus\bigoplus_{i=1,2}C\zeta_{ii}\zeta_{i}$




$s>2$ $\mathcal{B}_{S}$ (Brown [B]).
$\mathcal{B}_{s}=\bigcap_{=1}^{\epsilon-1}\mathcal{B}_{j}\mathcal{B}_{s-J}=\cap^{s-2}\mathcal{B}_{1}\cdots \mathcal{B}\mathcal{B}_{2}\mathcal{B}_{1}\cdots \mathcal{B}jj=0^{\vee^{1}\vee^{1}}.$
$j$ $8-j-2$




2. $\zeta_{12}^{(1)}=\frac{zdz}{1-z_{1}z_{2}},$ $\zeta_{12}^{(2)}=\frac{zdz}{1-z_{1}z_{2}}$ $Pr_{i\otimes j}^{(i)},$ $Pr_{i\otimes j}^{(j)}$ $(\{i,j\}=\{1,2\})$
$Pr_{i\otimes j}^{(i)}:Sarrow S(\zeta_{i}, \zeta_{ii}, \zeta_{12}^{(i)}) , \zeta_{j}, \zeta_{jj}\mapsto 0, \zeta_{12}\mapsto\zeta_{12}^{(i)},$
$Pr_{i\otimes j}^{(j)}:Sarrow S(\zeta_{j}, \zeta_{jj}) , \zeta_{i}, \zeta_{ii}, \zeta_{12}\mapsto 0$
$\mathcal{B}$ $10\Delta^{*}$
$\iota_{1\otimes 2}$ : $\mathcal{B}arrow S(\zeta_{1}, \zeta_{11}, \zeta_{12}^{(1)})\otimes S(\zeta_{2},\zeta_{22})$
$\iota_{i\otimes j}=(Pr_{i\otimes j}^{(i)}|_{\mathcal{B}}\otimes Pr_{i\otimes j}^{(j)}|_{\mathcal{B}})\circ\Delta^{*}$
$\iota_{1\otimes 2},$ $\iota_{2\otimes 1}$
$\mathcal{B}^{0}$
$l_{i\otimes j}|_{\mathcal{B}^{0}}$ : $\mathcal{B}^{0}arrow$






$\ovalbox{\tt\small REJECT}\otimes\ovalbox{\tt\small REJECT}$ :
$10_{\Delta^{*}(\omega_{1}\cdots\omega_{r})=\sum_{i=0}^{r}\omega_{1}\cdots\omega:}\otimes\omega_{*+1}\cdots\omega_{r}$ $(\omega_{k}\in A, i=0, r 1 )$ .




(i) $\psi_{i}\psi_{j}(\psi_{i}\in S(\zeta_{i}, \zeta_{ii}, \zeta_{12}), \psi_{j}\in S(\zeta_{j}, \zeta_{jj}))$







$= \int_{C_{1\otimes 2}}\iota_{1\otimes 2}(\varphi)$
$= \int_{C_{2\otimes 1}}\varphi =\int_{C_{2\otimes 1}}\iota_{2\otimes 1}(\varphi)$.
$\int_{C_{1\otimes 2}}\psi_{1}\otimes\psi_{2}:=\int_{0}^{z1}\psi_{1}\int_{0}^{z2}\psi_{2}$ $(\psi_{1}\otimes\psi_{2}\in S^{0}(\zeta_{1}, \zeta_{11}, \zeta_{12}^{(1)})\otimes S^{0}(\zeta_{2}, \zeta_{22}))$,
$\int_{C_{2\otimes 1}}\psi_{1}\otimes\psi_{2}:=\int_{0}^{z_{2}}\psi_{1}\int_{0}^{z_{1}}\psi_{2}$ $(\psi_{1}\otimes\psi_{2}\in S^{0}(\zeta_{2}, \zeta_{22}, \zeta_{12}^{(2)})\otimes S^{0}(\zeta_{1}, \zeta_{11}))$
7
$C_{1\otimes 2},$ $C_{2\otimes 1}$ $\int_{0}^{z_{1}}w$ $(w\in S^{0}(\zeta_{1}, \zeta_{11}))$ $\int_{0}^{z2}w$ $(w\in$
$S^{0}(\zeta_{2}, \zeta_{22}))$ \S 3 1
$\int_{0}^{z_{i}}w=Li(w;z_{i}) (w\in S^{0}(\zeta_{i}, \zeta_{ii}))$











( $\omega_{i}=\zeta_{11}$ (resp. $\omega_{i}=\zeta_{12}^{(1)}$ ) $\alpha_{i}=1$ (resp. $z_{2})$ ) $P^{1}-\{0,1, \frac{1}{z_{2}}, \infty\}$
Taylor




$w_{r}=\zeta_{12}^{(1)}$ \S 4 2







$C_{1\otimes 2}$ $z_{2}$ $z_{1}$
8
(generalized harmonic product relation)
3([OU]). $\varphi\in \mathcal{B}^{0}$
$\int_{C_{1\otimes 2}}\iota_{1\otimes 2}(\varphi)=\int_{C_{2\Phi 1}}\iota_{2\otimes 1}(\varphi)$ (GHPR)
$w\in S^{0}(\zeta_{1}, \zeta_{11}, \zeta_{12}^{(1)})$ $\iota_{1\otimes 2}^{-1}(w\otimes 1)$ (GHPR)
$L(w;z_{1})= \int_{C_{2\otimes 1}}\iota_{2\otimes 1}\circ\iota_{1\otimes 2}^{-1}(w\otimes 1)$ (GHPR’)
15.
$\bullet w=\zeta_{11}\zeta_{12}^{(1)}$ $\iota_{1\otimes 2}^{-1}(w\otimes 1)=\zeta_{11}\zeta_{12}+\zeta_{22}\zeta_{11}-\zeta_{22}\zeta_{12}-\zeta_{2}\zeta_{12},$
$Li_{1,1}(1,1;z_{1}, z_{2})=Li_{1}(z_{2})Li_{1}(z_{1})-Li_{1,1}(1,1;z_{2}, z_{1})-Li_{2}(0,1 :z_{2}, z_{1})$.
$\bullet w=\zeta_{12}^{(1)}\zeta_{11}$ $\iota_{1\otimes 2}^{-1}(w\otimes 1)=\zeta_{12}\zeta_{11}-\zeta_{22}\zeta_{11}+\zeta_{22}\zeta_{12}+\zeta_{2}\zeta_{12},$







$+L(^{1}z_{1^{1}}1;z_{2})Li_{1}(z_{1})+Li_{1,1}(1,1;z_{2}, z_{1})Li_{1}(z_{1})-L(^{1}z_{1^{1}}1^{1}z_{1};z_{2})-Li_{1,2}(0,2;z_{2}, z_{1})$ .
2 2
2 16.
4([OU]). $w=\zeta_{1}^{k_{1}-1}\zeta_{11}\cdots\zeta_{1}^{k_{i}-1}\zeta_{11}\zeta_{1}^{k_{i+1}-1}\zeta_{12}^{(1)}\cdots\zeta_{1}^{k_{r}-1}\zeta_{12}^{(1)}\in S^{0}(\zeta_{1}, \zeta_{11}, \zeta_{12}^{(1)})$
(GHPR’) 2
$z_{1}$ , $z_{2}$ 2 $z_{1},$ $z_{2}$ 2
$dLi_{k_{1},\ldots,k_{r}}(i, r-i:z_{1}, z_{2})=\zeta_{1}f_{1}+\zeta_{11}f_{11}+\zeta_{2}f_{2}+\zeta_{22}f_{22}+\zeta_{12}f_{12}$
$(fi, \ldots, fi_{2} 17 1 2 )$ 2
$\iota_{1\otimes 2}^{-1}(w\otimes 1)\in \mathcal{B}^{0}$
$Li_{k_{1},\ldots,k_{r}}(i, r-i:z_{1}, z_{2})=\int_{C_{2\otimes 1}}dLi_{k_{1},\ldots,k_{r}}(i, r-i:z_{1}, z_{2})$
$(z_{1}$ $2MPL)\cross$ ( $z_{2}$ IMPL)





$\Omega_{0}=\zeta_{1}Z_{1}+\zeta_{2}Z_{2},$ $(\Omega (0,0)$ )
$\Omega’=\Omega-\Omega_{0}=\zeta_{11}Z_{11}+\zeta_{22}Z_{22}+\zeta_{12}Z_{12}.$ $(\Omega (0,0)$ )
16
17 $Li_{k_{1},\ldots,k_{f}}(i, r-i;z_{1}, z_{2})$ $k_{1}+\cdots+k_{r}$
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$\mathcal{L}(z_{1}, z_{2})=\hat{\mathcal{L}}(z_{1}, z_{2})z_{1}^{Z_{1}}z_{2}^{Z_{2}}(\hat{\mathcal{L}}(z_{1}, z_{2})$ $(0,0)$
$\hat{\mathcal{L}}(0,0)=I)$ 18.
$\hat{\mathcal{L}}(z_{1}, z_{2})=\sum_{s=0}^{\infty}\hat{\mathcal{L}}_{s}(z_{1}, z_{2})$ ,
$\hat{\mathcal{L}}_{s}(z_{1}, z_{2})=\int_{(0,0)}^{(z_{1},z_{2})}(ad(\Omega_{0})+\mu(\Omega’))^{s}(1\otimes 1)$ . $(2KZSo1)$
$s$ $(ad(\Omega_{0})+\mu(\Omega’))^{s}(1\otimes I)$ $\in \mathcal{B}^{0}\otimes \mathcal{U}(X)$
2 $KZ$ $C_{1\otimes 2}^{(1)},$ $C_{1\otimes 2}^{(2)},$ $C_{2\otimes 1}^{(2)},$ $C_{2\otimes 1}^{(1)}$ 19. 2
$KZ$ 4 ( 20)1 $KZ$
$d_{z_{1}}$ (resp. $d_{z_{2}}$ ) $z_{1}$ (resp. $z_{2}$ )
$C_{1\otimes 2}^{(1)}$ : $d_{z_{1}}G(z_{1}, z_{2})=\Omega_{1\otimes 2}^{(1)}G(z_{1}, z_{2})$ , $\Omega_{1\otimes 2}^{(1)}=\zeta_{1}Z_{1}+\zeta_{11}Z_{11}+\zeta_{12}^{(1)}Z_{12},$
$\mathcal{L}_{1\otimes 2}^{(1)}=\hat{\mathcal{L}}_{1\otimes 2}^{(1)}z_{1}^{Z_{1}},$
$C_{1\otimes 2}^{(2)}$ : $d_{z2}G(z_{2})=\Omega_{1\otimes 2}^{(2)}G(z_{2})$ , $\Omega_{1\otimes 2}^{(2)}=\zeta_{2}Z_{2}+\zeta_{22}Z_{22},$
$\mathcal{L}_{1\otimes 2}^{(2)}=\hat{\mathcal{L}}_{1\otimes 2}^{(2)}z_{2}^{Z_{2}},$
$C_{2\otimes 1}^{(2)}$ : $d_{z2}G(z_{1}, z_{2})=\Omega_{2\otimes 1}^{(2)}G(z_{1}, z_{2})$ , $\Omega_{2\otimes 1}^{(2)}=\zeta_{2}Z_{2}+\zeta_{22}Z_{22}+\zeta_{12}^{(2)}Z_{12},$
$\mathcal{L}_{2\otimes 1}^{(2)}=\hat{\mathcal{L}}_{2\otimes 1}^{(2)}z_{2}^{Z_{2}},$
$C_{2\otimes 1}^{(1)}$ : $d_{z_{1}}G(z_{1})=\Omega_{2\otimes 1}^{(1)}G(z_{1})$, $\Omega_{2\otimes 1}^{(1)}=\zeta_{1}Z_{1}+\zeta_{11}Z_{11},$
$\mathcal{L}_{2\otimes 1}^{(1)}=\hat{\mathcal{L}}_{2\otimes 1}^{(1)}z_{1}^{Z_{1}}.$
$\hat{\mathcal{L}}_{i\otimes j}^{(k)}$ $z_{k}=0$ $\hat{\mathcal{L}}_{i\otimes}^{(k)_{j}}|_{z_{k}=0}=I$
( )
1
6( ). $(2KZ)$ $\mathcal{L}(z_{1}, z_{2})$ 1
$\mathcal{L}(z_{1}, z_{2})=\mathcal{L}_{1\otimes 2}^{(1)}\mathcal{L}_{1\otimes 2}^{(2)}=\mathcal{L}_{2\otimes 1}^{(2)}\mathcal{L}_{2\otimes 1}^{(1)},$
$\hat{\mathcal{L}}(z_{1}, z_{2})=\hat{\mathcal{L}}_{1\otimes 2}^{(1)}\hat{\mathcal{L}}_{1\otimes 2}^{(2)}=\hat{\mathcal{L}}_{2\otimes 1}^{(2)}\hat{\mathcal{L}}_{2\otimes 1}^{(1)}.$
$18\omega\in\{\zeta_{1}, \ldots, \zeta_{12}\},$ $\varphi\in \mathcal{B},$ $X\in\{Z_{1}, \ldots, Z_{12}\},$ $F\in$ u( $ad(\omega\otimes X)(\varphi\otimes F)=\omega\varphi\otimes[X, F],$
$\mu(\omega\otimes X)(\varphi\otimes F)=\omega\varphi\otimes XF.$
19 $z_{2}=$ $z_{1}=0,$ $z_{1}=$ $z_{2}=0$
$20_{P^{1}-}\{0, a_{1}, \ldots, a_{n}, \infty\}$ $dG=^{X_{\Delta_{\frac{dz}{z}}}}-+ \sum_{=1}^{n}\frac{a\cdot X\cdot dz}{1-a:z}$ 1 $KZ$
( Schlesinger ) 1 $KZ$
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10 2 $KZ$
2 $KZ$ $\mathcal{L}(z_{1}, z_{2})$
$\alpha:\mathcal{U}(\mathfrak{X})arrow End(\mathcal{U}(X))$
$\alpha$ : $(Z_{1}, Z_{11}, Z_{2}, Z_{22}, Z_{12})\mapsto(ad(Z_{1}), \mu(Z_{11}), ad(Z_{2}), \mu(Z_{22}), \mu(Z_{12}))$
$\theta_{i\otimes j}^{(i)},$ $\theta_{i\otimes j}^{(j)}$ $\mathcal{U}(C\{Z_{i}, Z_{ii}, Z_{12}\})arrow S(\zeta_{i}, \zeta_{ii}, \zeta_{12}^{(i)}),$ $\mathcal{U}(C\{ , Z_{jj}\})arrow S(\zeta_{j}, \zeta_{jj})$
$\theta_{i\otimes j}^{(i)}(Z_{i})=\zeta_{i}, \theta_{i\otimes j}^{(i)}(Z_{ii})=\zeta_{ii}, \theta_{i\otimes j}^{(i)}(Z_{12})=\zeta_{12}^{(i)},$
$\theta_{i\otimes j}^{(j)}($ $)=\zeta_{j},$ $\theta_{i\otimes j}^{(j)}(Z_{jj})=\zeta_{jj}$
7([OU]). $(2KZSo1)$ $C_{1\otimes 2}$ $\mathcal{L}(z_{i}, z_{2})$
$s$
$\hat{\mathcal{L}}_{S}(z_{1}, z_{2})=\int_{C_{1\otimes 2}}(ad(\Omega_{0})+\mu(\Omega’))^{S}(1\otimes I)$
$= \int_{C_{1\otimes 2}}(\iota_{1\otimes 2}\otimes id_{\mathcal{U}(x)})((ad(\Omega_{0})+\mu(\Omega’))^{S}(1\otimes 1))$
$= \sum_{W,W’}L(\theta_{1\otimes 2}^{(1)}(W’);z_{1})L(\theta_{1\otimes 2}^{(2)}(W^{J/});z_{2})\alpha(W’)\alpha(W")(I)$
$\sum_{W’,W"}$ $W$’ $Z_{1},$ $Z_{11},$ $Z_{12}$ $Z_{1}$ $W”$
$Z_{2},$ $Z_{22}$ $Z_{2}$ $s$ $\hat{\mathcal{L}}_{1\otimes 2}^{(1)}\hat{\mathcal{L}}_{1\otimes 2}^{(2)}$
$s$ 21. $C_{2\otimes 1}$
$\hat{\mathcal{L}}_{s}(z_{1}, z_{2})=\sum_{W,W’}L(\theta_{2\otimes 1}^{(2)}(W’);z_{2})L(\theta_{2\otimes 1}^{(1)}(W");z_{1})\alpha(W’)\alpha(W")(I)$ ,
$\sum_{W’,W"}$ $W’$ $Z_{2},$ $Z_{22},$ $Z_{12}$ $Z_{2}$ $W”$ $Z_{1},$ $Z_{11}$ $Z_{1}$
$s$ $\hat{\mathcal{L}}_{2\otimes 1}^{(2)}\hat{\mathcal{L}}_{2\otimes 1}^{(1)}$ $s$ 22.
2 $C_{1\otimes 2},$ $C_{2\otimes 1}$
$z_{1}$ (resp. $z_{2}$ ) $z_{2}$ (resp. $z_{1}$ ) 1
$Z_{1},$ $Z_{11},$ $Z_{12}$ $Z_{2},$ $Z_{22}$ (resp. $Z2,$ $Z_{22},$ $Z_{12}$ $Z_{1},$ $Z_{11}$
) $\mathcal{U}(\mathfrak{X})$ $\mathcal{U}(\mathfrak{X})$ (IPBR)




$(ad(\Omega_{0})+\mu(\Omega’))^{s}(1\otimes I)$ $\mathcal{B}^{0}\otimes \mathcal{U}(\mathfrak{X})$ $\mathcal{U}(X)$
$\mathcal{B}^{0}$ $\mathcal{U}(\mathfrak{X})$
$\mathcal{B}^{0}$






$C_{1\otimes 2},$ $C_{2\otimes 1}$ $(0,0),$ $(0,1)$ 24
(0,0), (1,0) $(z_{1}, z_{2})arrow(z_{2}, z_{1})$




( $P^{1}-\{n-1$ }). $\mathcal{M}_{0,n}$
$\mathcal{M}_{0,n-1}$ 2
$\pi_{2}(\mathcal{M}_{0,n-1})=1arrow\pi_{1}(P^{1}-\{n-1$ $\})$ $arrow\pi$1 $(\mathcal{M}_{0,n})$
$arrowarrow\pi_{1}(\mathcal{M}_{0,n-1})arrow\pi_{0}(P^{1}-\{n-1$ $\})=1$
$\pi_{1}(\mathcal{M}_{0,n})\cong\pi_{1}(P^{1}-\{n-1$ $\})$ $\rtimes\pi$1 $(\mathcal{M}_{0,n-1})$
$\cong\pi_{1}(P^{1}-\{n-1$ $\})\rtimes(\pi_{1}(P^{1}-\{n-2$ $\})\rtimes\pi 1(\mathcal{M}_{0,n-2}))$
$\cong\pi_{1}(P^{1}-\{n-1$ $\})\rtimes(\pi_{1}(P^{1}-\{n-2$ $\})$ $\rtimes(\pi_{1}(P^{1}-\{n-3$ $\})$
. . . $(\pi_{1} (P^{1}-\{4$ $\})\rtimes\pi 1(P^{1}-\{3$ $\})\cdots)$ .
3 $(\mathcal{M}_{0,6})$ $(z_{1}, z_{2}, z_{3})$ $z_{i}=0,1,$ $\infty(i=$
$1,2,3),$ $z_{1}z_{2}=1,$ $z_{2}z_{3}=1,$ $z_{1}z_{2}z_{3}=1$ $(z_{1}, z_{2}, z_{3})arrow(z_{1}, z_{2})$ , $(z_{1}, z_{2}, z_{3})arrow$
23 $\mathcal{B}^{0}$
24 ( 6) 1 Drinfel’dassociator
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$(z_{2}, z_{3})$ $\mathcal{M}_{0,6}arrow \mathcal{M}_{0,5}$ 25. $(z_{1}, z_{2}, z_{3})arrow(z_{1}, z_{3})$
26.
3 $KZ$




$\mathcal{U}(\mathfrak{X})=\mathcal{U}(C\{Z_{3}, Z_{33}, Z_{23}, Z_{13}\})\otimes \mathcal{U}(C\{Z_{2}, Z_{22}, Z_{12}\})\otimes \mathcal{U}(C\{Z_{1}, Z_{11}\})$
$z_{3}$ $0,1,$ $\frac{1}{z2},$ $\frac{1}{z1z2},$ $\infty$ $z_{2}$
$0,1,$ $\frac{1}{z_{1}},$ $\infty$
$z_{1}$ 1 ).
$\{\begin{array}{l}C_{2\otimes 3\otimes 1}:(z_{1}, z_{2}, z_{3})arrow(z_{1}, z_{3})arrow z_{1}C_{2\otimes 1\otimes 3}:(z_{1}, z_{2}, z_{3})arrow(z_{1}, z_{3})arrow z_{3}\end{array}$
2
Lie
$\mathcal{U}(\mathfrak{X})\neq \mathcal{U}(C\{Z_{2}, Z_{22}, Z_{12}, Z_{23}, Z_{13}\})\otimes \mathcal{U}(C\{Z_{1}, Z_{11}\})\otimes \mathcal{U}(C\{Z_{3}, Z_{33}\})$
$\mathcal{U}(\mathfrak{X})$ Lie
27
$25_{Z_{1},Z_{2}}$ $z_{l}\neq 0,1,$ $\infty,$ $z_{1}z_{2}\neq 1$ $(z_{1}, z_{2})$ $\mathcal{M}_{0,5}$ $(z_{2}, z_{3})$
$26_{z_{1}z_{3}=}1$ $(z_{1}, z_{3})$ $\mathcal{M}_{0,5}$
27
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